Complex biological processes are usually experimented along time among a collection of individuals. Longitudinal data are then available and the statistical challenge is to better understand the underlying biological mechanisms. The standard statistical approach is mixed-effects model, with regression functions that are now highly-developed to describe precisely the biological processes (solutions of multi-dimensional ordinary differential equations or of partial differential equation). When there is no analytical solution, a classical estimation approach relies on the coupling of a stochastic version of the EM algorithm (SAEM) with a MCMC algorithm. This procedure needs many evaluations of the regression function which is clearly prohibitive when a time-consuming solver is used for computing it. In this work a meta-model relying on a Gaussian process emulator is proposed to replace this regression function. The new source of uncertainty due to this approximation can be incorporated in the model which leads to what is called a mixed meta-model. A control on the distance between the maximum likelihood estimates in this mixed meta-model and the maximum likelihood estimates obtained with the exact mixed model is guaranteed. Eventually, numerical simulations are performed to illustrate the efficiency of this approach.
Introduction
Mixed-effects model methodology (Pinheiro and Bates, 2000) allows to discriminate between inter-and intra-subjects variabilities which is essential when dealing with longitudinal data. Statistical methods for mixed models are now well established (see references below) but can be time consuming depending on the complexity of the regression functions. Indeed sophisticated mathematical models have been developed to describe precisely biological processes: multi-dimensional ordinary differential equations (ODE) (see Wu et al., 2005; Guedj et al., 2007; Lavielle et al., 2011; Ribba et al., 2012, for modeling viral load decrease in HIV patients or tumor growth) or partial differential equation (PDE) (see Grenier et al., 2014; Chatterjee et al., 2012 , for modeling tumor growth or HVC viral kinetic). These mathematical models have no analytical solution and only an approximate solution can be obtained with computationally intensive numerical methods. This induces a huge increase of the computation cost of the estimation method (up to 23 days according to Grenier et al., 2014) . Therefore, there is a crucial need to develop new statistical approaches to reduce the computation time. The significant computation time of mixed models estimation methods is due to their iterative settings, compulsory to sidestep the intractability of the likelihood. This is true for methods based on linearisation (Pinheiro and Bates, 2000) or likelihood numerical approximation (Davidian and Giltinan, 1995; Wolfinger, 1993) and this is crucial for EM-type methods such as stochastic EM algorithms (Wei and Tanner, 1990; Kuhn and Lavielle, 2005) .
Our objective is to propose a way of reducing the computation time of the SAEM-MCMC algorithm (Kuhn and Lavielle, 2005) for complex mixed models, together with a theoretical study of the resulting estimator. When the regression function is not analytically available (and we call it also computer model in the rest of the paper), extensions of SAEM have already been proposed. Donnet and Samson (2007) deal with the case of an ODE mixed model, approximating the solution with a numerical scheme and studying the influence of this scheme to the properties of the approximate maximum likelihood estimator. But this approach remains time consuming when the ODE is multi-dimensional. For a PDE mixed model, Grenier et al. (2014) propose to approximate the PDE with a numerical scheme on a predefined grid, and then to interpolate the solution of the PDE linearly between two points of the grid. This linear approximation allows substantially reducing the computation time from 23 days to around 30 minutes, but may lead to biased estimates depending on the non linearity of the model. The keystone of providing an efficient estimation method with good statistical properties is the choice of the procedure approximating the regression function. More accurate surrogates of computer model than linear approximation rely on Gaussian process emulation which consists of modeling the computer model as the realization of a Gaussian process (Sacks et al., 1989; Santner et al., 2003; Fang et al., 2005) . This technique is also known as Kriging. A cheap approximation of the model, the emulator, is obtained by conditioning the Gaussian process on some evaluations of the model corresponding to inputs of a well-chosen design of numerical experiments. This stochastic modeling of the computer model provides also a measure of uncertainty on the precision of the approximation as a supplementary variance-covariance function which can be integrated in the mixed model. This approach has been already coupled with a Stochastic EM algorithm (Barbillon et al., 2011) or with a Bayesian procedure (Fu et al., 2014) in regression models without random effects. In this paper, we propose to couple the SAEM algorithm with this Gaussian process emulator, incorporating this new source of uncertainty due to the approximation. Thus, providing a confidence interval of the unknown parameters takes into account the error induced by the approximation. We will refer to this approach as the complete mixed meta-model. However, the supplementary variancecovariance function in the model induces a loss of independence of the observations obtained from the different subjects which increases the computational burdensome of the MCMC scheme. That is why we also propose two simplified versions: the first one (called intermediate) by considering a diagonal variance-covariance function of the approximation error; the second one (called simple) by only using the approximation of the computer model and not incorporating the variance-covariance function. These two last versions allow to assume the independence between the subjects, and to reduce significantly the computational cost.
The Gaussian process emulator can also be interpreted as an approximation of the computer model by kernel interpolation with radial basis function as in Schaback (1995 Schaback ( , 2007 . In this framework, a point-wise control on the error of approximation is provided. Hence, we are able to guarantee a control on the distance between the maximum likelihood estimates in the approximate mixed meta-models and the maximum likelihood estimates obtained with the exact computer model. This control is decreasing to zero as a function of the space-fillingness of the design of numerical experiments.
The paper is organized as follows. Section 2 introduces the standard non-linear mixed model and Section 3 recalls the principles and the main results of the Gaussian process emulation. Section 4 introduces three mixed models approximated by Gaussian process emulator. In Section 5, three versions of the SAEM algorithm coupled to a Gaussian process emulator are proposed. Theoretical results are given in Section 6. A simulation study illustrates these results (Section 7). Section 8 concludes the paper with some extensions. Proofs are gathered in Appendix.
Mixed model and notations
Let us define y i = t (y i1 , . . . , y ini ) where y ij ∈ R p is the response for individual i at time t ij , i = 1, . . . , N , j = 1, . . . , n i , and let y = (y 1 , . . . , y N ) be the vector of all observations, of size n tot = N i=1 n i . We assume that the individual vectors y i are described by a non-linear mixed model, defined as follows, for j = 1, . . . , n i :
t represents the Gaussian centered residual error, independent of ψ i . The individual parameter ψ i are assumed to be random, Gaussian with expectation µ and d × d covariance matrix Ω. Note that the individual vectors (y i ) i are independent and identically distributed. The quantities we want to estimate from the observations y are the population parameters θ = (µ, Ω, σ 2 ε ). In the following, we restrict to the case of scalar observations (p = 1) to ease the reading, but the extension to a multidimensional observation with p > 1 is straightforward.
We want to estimate θ by maximum likelihood. The likelihood of model (1) is:
where t i = (t i1 , . . . , t ini ) and
When f is non linear with respect to ψ, the maximum likelihood estimator has no closed form. Any estimation method adapted to non-linear mixed models would require a very large number of evaluations of f , which could be time consuming when the structural function f is a computer model. Therefore, there is a real need to consider approximations of the function f that are simple to evaluate at any point (t, ψ). For that purpose, we introduce the framework of meta-model in the next section.
Meta-model
We start with the point of view of conditioned Gaussian process emulation which has the nice feature of incorporating as a variance-covariance function the additional source of uncertainty due to the approximation. This will naturally lead to a mixed metamodel on which the SAEM-MCMC can be performed. We also link this framework to the kernel interpolation framework since we need the deterministic point-wise control on the approximation to obtain the control between the maximum likelihood estimates corresponding to the exact model and to its approximation.
Conditioned Gaussian process
In this framework, the function f is interpreted as a realization of a Gaussian Process. Let us denote F λ a Gaussian process defined, for any x = (t, ψ), as
where
is a vector of parameters, ζ is a centered Gaussian process with covariance function
where K φ is a correlation function depending on some parameters φ and λ = (β, σ, φ) is the vector of all unknown parameters. For instance, the so-called Gaussian kernel is defined by
usually linear functions or low degree polynomials. The kernel K φ has to be chosen with respect to the assumed regularity of the function f . Similarly, the regression functions H have to be chosen with respect to the supposed trend in the function f if some insights on the function are available. See Koehler and Owen (1996); Fang et al. (2005) for detailed discussions on the choice of the regression functions and kernels.
We assume that we are able, in a pre-computation step, to evaluate precisely the function f n D times for a given design of numerical experiments, D = {x 1 , . . . x nD }. These "exact" evaluations are denoted z 1 = f (x 1 ), . . . , z n = f (x nD ). The (z k ) are different from the (y ij ) considered in model (1) which are noisy observations of f in some unknown points x = (t, ψ). The design of experiments D is usually chosen with respect to a space-filling criterion (Fang et al., 2005) in a bounded domain where the points (t ij , ψ i ) i,j are assumed to be. For a given kernel K, and a given vector H of regression functions, the vector of parameters λ has to be estimated. Usually, λ is estimated by maximizing the log-likelihood ℓ F of the Gaussian process F (3):
The Matlab toolbox DACE (Lophaven et al., 2002) provides an optimization algorithm to estimate directly λ. We denote byλ = (β,σ,φ) the estimates. The Gaussian process is chosen to be F = Fλ. It corresponds to a plug-in approach since from now, these parameters are considered as known.
Then f is not directly approximated by F , but rather by the conditional process denoted F D , defined as the process F conditionally to F (
D is still a Gaussian process, defined by its mean and covariance functions, which can be exactly computed. Let us introduce the partial functions, for any
The mean function m D provides an approximation of the function f for any x and the variance function x → C D (x, x) measures the confidence in the accuracy of this approximation. The plug-in approach for λ = (β, σ 2 , φ) may lead to underestimate the uncertainty on the quality of the approximation which is showed to be asymptotically negligible (Prasad and Rao, 1990) . It can be used only for the parameter of the correlation kernel φ. In this case, when the process is not conditioned on (β,σ), the conditioned process is a Student T-process with still closed-form location and scale (Santner et al., 2003) . However, we prefer the complete plug-in approach to deal with a Gaussian distribution which is easier to incorporate in the mixed model.
Kernel interpolation
We can interpret the previous meta-model approximation as a kernel interpolation. Indeed, a Reproducing Kernel Hilbert Space (RKHS) can be associated to K φ as soon as the kernel K φ is positive definite. Then the partial functions K φ x defined in Section 3.1 span a pre-Hilbert space with inner product < K
Aronszajn's theorem states that there exists a unique completion H K of this space with the reproducing property:
The space H K is the RKHS associated to kernel K. Then, we focus on the function g(x) = f (x) − t H(x)β, whereβ is estimated as before. Note that this function can be seen as the residuals of the linear model (3) of the random variables Z 1 , . . . , Z nD on the design D = {x 1 , . . . x nD }:
We consider the following problem of seeking for the function in H K which interpolates g on points of D with a minimal norm:
The solution to this problem is the orthogonal projection of g on the subspace spanned
−1 (same notations as in Section 3.1). This provides an approximation of f which is the same than the function m D (5). The approximation m D belongs to the RKHS assuming that the regression functions H belong to the RKHS, which is true for linear or low degree polynomial regressors H.
The kernel interpolation framework yields to an upper bound on the point-wise error of this approximation using the reproducing property and a Cauchy-Schwarz inequality. For any x, we have
The norm g HK is unknown and depends on f . The norm P D (x) does not depend on f (or g) but on the design of experiments D only. It holds that
. Again, there exists a link with the Gaussian process framework: up to the parameter σ 2 , we obtain the variance function of the conditioned Gaussian process (6).
For some usual kernels, a uniform upper-bound on P D (x) is available as a function of
where X is a bounded subspace of R. The value of a D is related to the coverage of the space X by the design of experiments. A design of experiments which minimizes this quantity is said to be minimax (Johnson et al., 1990) . The point-wise upper bound is given in the following Proposition (Schaback, 1995) :
Assume that the experimental design D is minimax in X . Let H K denote the RKHS associated to the kernel K which is assumed to be derived from a radial basis function as proposed in Wu and Schaback (1992) . Assume that f lies in
where the function G K is defined on R + and is such that lim
Furthermore, if the regressors H ∈ H K , then there exists a constant C > 0 such that
For instance, when using a Gaussian kernel
2 where C and δ are constants depending on φ.
Three mixed meta-models
The estimation of the population parameter θ is performed on the meta-model approximation of the mixed model (1). For computational reasons, we introduce three mixed meta-models.
Complete mixed meta-model
Let us introduce the so-called complete mixed meta-model that integrates the metamodel approximation. The regression function f in (1) is approximated by
Whereas model (1) is homoscedastic (constant error variance), the mixed metamodel (9) is heteroscedastic. Let us emphasize that this is not a standard heteroscedastic error model. Indeed, we have:
, but the (y ij |ψ i ) j are not independent, as well as the individual vectors (y i ) i . This is due to the fact that the (r(t ij , ψ i )) ij are realizations of the same Gaussian process. This is a major difference with approximations that have already been proposed in the literature (Donnet and Samson, 2007; Grenier et al., 2014) . Especially, this complicates the implementation of the MCMC scheme.
We propose to estimate θ as the maximum of the likelihood of model (9). We denote
the vector of the approximate mean, evaluated on (t, ψ) = (t ij , ψ i ) 1≤i≤N,1≤j≤ni . Similarly, we denote
The likelihood of model (9) is then:
This likelihood is not explicit because function m D (t ij , ψ i ) is not linear in ψ i . As said previously, this likelihood cannot be simplified as a product of individual likelihoods because the y i are not independent (the matrix C D (t, ψ) is a full matrix). The corresponding estimation algorithm requires to invert this n tot ×n tot -matrix at each iteration (at least N × 2d per iteration), which is highly computationally intensive. Therefore, we introduce an intermediate mixed meta-model by considering only the diagonal of C D (t, ψ).
Intermediate mixed meta-model
In the intermediate mixed meta-model, the regression function f is approximated by m D (t, ψ)+r(t, ψ), wherer(t, ψ) has a diagonal covariance matrix
The likelihood of model (11) is then:
This form of the likelihood is separable with respect to ψ i and can be written as a product over the individuals which are independent. The covariance matrix σ 2 ε I ni +Λ i,ψi is diagonal and can be easily inverted. This will substantially reduce the computation time of the estimation method. However the intermediate model is heteroscedastic, and σ ε might be more difficult to estimate than in the exact model. This is why we introduce a simpler mixed meta-model.
Simple mixed meta-model
The simple mixed meta-model neglects the error of approximation of the computer model. The regression function is then m D :
The simple mixed meta-model (13) has similar properties than model (1): it is homoscedastic (constant error variance), the vectors (y i ) i are independent and identically distributed, and for each individual i, conditionally to ψ i , the (y ij ) j are independent. The likelihood of model (13) is given by:
which has the same form than likelihood of model (1).
Population parameter estimation
Likelihoods of the mixed meta-models being not explicit, we resort to the family of EM algorithm to estimate the parameters θ, which is a classical approach for models with non-observed or incomplete data. We start with the SAEM algorithm for the exact mixed model and then for the three mixed meta-models.
Estimation for the exact mixed model
The objective is to maximize the likelihood p(y; θ) of the exact mixed model (1). Let us briefly cover the EM principle (Dempster et al., 1977) . The complete data of the mixed model is (y, ψ). The EM algorithm maximizes the Q(θ|θ ′ ) = E(L(y, ψ; θ)|y; θ ′ ) function in 2 steps, where L(y, ψ; θ) is the log-likelihood of the complete data for the mixed model (1) and E is the expectation under the conditional distribution p(ψ|y; θ ′ ). At the k-th iteration, the E step is the evaluation of Q k (θ) = Q(θ | θ (k−1) ), whereas the M step updates θ (k−1) by maximizing Q k (θ). For cases with a non analytic E step, Delyon et al. (1999) introduce a stochastic version SAEM of the EM algorithm which evaluates the integral Q k (θ) by a stochastic approximation procedure. The E step is then divided into a simulation step (S step) of the missing data ψ (k) under the conditional distribution p(ψ|y; θ (k−1) ) and a stochastic approximation step (SA step) of the conditional expectation, using (γ k ) k≥0 a sequence of positive numbers decreasing to 0:
In cases where the simulation of the non-observed vector ψ cannot be directly performed, Kuhn and Lavielle (2005) propose to combine the SAEM algorithm with a Markov Chain Monte Carlo (MCMC) procedure. The idea is to simulate a Markov chain ψ The sufficient statistics for the exact mixed model are classically Samson et al., 2007) . Then the M step is explicit and easy to implement. The convergence of the SAEM-MCMC algorithm has been proved when the complete data likelihood belongs to the regular curved exponential family and under additional assumptions (see Proposition 2). Thus the exponential family plays a crucial role to obtain an efficient algorithm.
Estimation for the simple mixed meta-model
The objective is to maximize the likelihoodp D (y; θ) of the simple mixed meta-model (13). In the following, all the quantities referring to this approximate likelihoodp D (y; θ) are indexed by D with a tilde symbol. The corresponding complete data likelihood L D (y, ψ; θ) belongs to the regular curved exponential family with minimal sufficient statisticsS D (y, ψ), which are the same as the exact mixed model. In that model, the MCMC algorithm is easy to implement because of the independence of the observations of the individuals. More precisely, the SAEM-MCMC is described as follows. 
. Stochastic Approximation step: update the sufficient statistics:
Maximisation step: update the population parameters
n tot .
Estimation for the intermediate mixed meta-model
In the following, all the quantities referring to the approximate likelihoodp D (y; θ) of the intermediate mixed meta-model are indexed by D with a bar symbol. This model belongs to the exponential family when the Gaussian processr is considered in the hidden states. Then the complete data of the intermediate mixed meta-model are (y, ψ,r) wherer = (r(t ij , ψ i )) i=1,...,N,j=1,...,ni . The complete log-likelihood is thus:
where cst denotes a constant term. The E-step is the computation of
The conditional distributionp D (r i |y i , ψ i ; θ (k−1) ) is explicit, Gaussian, with mean and covariance defined bym
Integrated with respect tor inside Q(θ| θ (k−1) ) yields to
Then the sufficient statistic corresponding to σ 2 ε is changed toS
r,ψi ). The simulation step is a standard one, which can be applied to each individual separately. The MCMC algorithm targetsp D (ψ i |y i ; θ (k−1) ) as stationary distribution, where the processr i has been integrated out. The acceptance probability only requires the knowledge ofp D (y i |ψ i ; θ (k−1) ) which is a Gaussian density with covariance matrix σ 2 ε I ni + Λ i,ψi . As this matrix is diagonal, its inversion at each iteration is fast. Finally, the SAEM-MCMC proceeds as follows: SA step: update the sufficient statistics s k,1 and s k,2 as usual and update
M step: as usual.
Estimation for the complete mixed meta-model
In the following, all the quantities referring to the approximate likelihood p D (y; θ) of the complete mixed meta-model (9) are indexed by D.
The main difficulty comes from the fact that model (9) is heteroscedastic but not in a standard way: the conditional distributions of y i |ψ i are not independent and all the subjects have to be treated together. Similarly as the intermediate model, we consider the Gaussian process r in the complete data and we have to integrate out with respect to r to compute the function Q. The conditional distribution p D (r|y, ψ; θ (k−1) ) is explicit, Gaussian, with mean and covariance defined by:
has dimension n tot × n tot and cannot be split as it was the case with the intermediate model. Thus the inversion of Γ r and C D increases dramatically the computation time of the estimation algorithm. Moreover, the MCMC step is also more complex. Indeed, the conditional distributions p D (ψ|y) cannot be written as a product of individual conditional distributions. But the MCMC kernels are applied to each subject i successively. The corresponding target distribution is the conditional distribution p D (ψ i |y, ψ −i ) where
is the vector of individual parameters except individual i (with obvious notations when i = 1 or i = N ) and not the distribution p D (ψ i |y i ) as in a standard heteroscedastic mixed model. This increases the difficulty of implementation of the MCMC: the whole covariance function C D (t, ψ), evaluated at each point (t ij , ψ i ), has to be evaluated and inverted at each iteration of the MCMC scheme. for individual i and a current vector
-Simulate a candidate ψ c i with a proposal distribution q θ (k−1) (·|ψ
).
-Meta-model step: For all j = 1, . . . , n i , evaluate the meta-model m D (t ij , ψ 
= ψ m i . SA step: update the sufficient statistics s k,1 and s k,2 as before and update:
Let us emphasize that the MCMC in the S step is difficult to implement due to the heteroscedasticity of the complete mixed meta-model. This MCMC algorithm may have poor mixing properties because the vectors ψ i are updated successively while they are highly correlated through this non-diagonal matrix C D (t, ψ). Another solution could be to design a proposal in the MCMC algorithm for the whole vector ψ. However, such a proposal is quite complicated to construct since the dimension of ψ is high: d × N .
Fisher Information matrix estimates
Using formula in Louis (1982) and estimation scheme proposed in Delyon et al. (1999) , confidence intervals can be obtained on the parameters implementing a stochastic approximation scheme of the Fisher Information matrix. It is only necessary to approximate the gradient and the Hessian matrix of the log-likelihood of the complete data: log p(ψ, y; θ) = log p(y|ψ; θ) + log p(ψ; θ) .
Actually, log p(y|ψ; θ) does not depend on µ et Ω, hence the gradient and Hessian computations are only about log p(ψ; θ) which is a multivariate normal N (µ, Ω). Thus, this implementation does not depend on the mixed model and remains the same for the standard mixed model and the three mixed meta-models.
6 Convergence of the SAEM algorithm to the maximum likelihood of the meta-model
Since the SAEM-MCMC algorithm is not applied to model (1), but to an approximate mixed model, it is not possible to prove the convergence of the algorithm toward a local maximum of the exact likelihood p(y; θ). However, it is possible to apply the results of Kuhn and Lavielle (2005) for the three mixed meta-models. Hence, the algorithms converge toward a local maximum of the likelihood p D (y; θ),p D (y; θ) andp D (y; θ) when applied to the complete, intermediate or the simple mixed meta-models (9), (11) and (13), respectively. This is given by Kuhn and Lavielle (2005) that we briefly recall, without detailing their assumptions (M1)-(M5) and (SAEM1)-(SAEM4 Table 1 : Michaelis-Menten pharmacokinetic simulations: relative bias (%), relative MSE (%) and coverage rate (%) computed over 1000 simulations, with the intermediate meta-, the simple meta-and the exact mixed models. Meta-models are built with either n D = 25, n D = 50 or n D = 100 design points. Coverage rate (Cov.) is the coverage rate of the 95% confidence interval based on the stochastic approximation of the Fisher matrix.
the exact likelihood p(y; θ) and the maximum of the approximate likelihoods p D (y; θ), p D (y; θ) orp D (y; θ) can be as small as we want, as soon as the design D is rich enough.
Simulation study
The objective of this study is to compare the main statistical properties of the estimation with the mixed meta-models and compare them to the exact mixed model. Two examples are illustrated below, using standard ODE pharmacokinetics (PK) models. Table 2 : One compartment simulations: relative bias (%), relative MSE (%) and coverage rate (%) computed over 1000 simulations, with the intermediate meta-, the simple meta-and the exact mixed models. Meta-models are built with either n D = 50 or n D = 100 design points. Coverage rate (Cov.) is the coverage rate of the 95% confidence interval based on the stochastic approximation of the Fisher matrix.
Michaelis-Menten pharmacokinetic model

Simulation settings
Let us now consider a one-compartment pharmacokinetic model, first order absorption and Michaelis Menten elimination. A dose D of a drug is given to a patient by intravenous bolus. The concentration of the drug in the body along time in then described by the following ordinary differential equation
where V is the volume of distribution, V m is the maximum elimination rate (in amount per time unit), k m is the Michaelis-Menten constant (in concentration unit) and k a is the absorption constant. We consider log k m as fixed to −2.5. The individual parameter ψ consists in log V , log k a and log V m . We assume a Gaussian distribution on the logarithm of these parameters with mean (µ log V , µ log ka , µ log Vm ) = (2.5, 1, −0.994) and a diagonal covariance matrix with terms (ω 2 log V , ω 2 log ka , ω 2 log Vm ) = (0.09, 0.09, 0.09). Then a homoscedastic additive error model is simulated with a standard error σ ε = 0.1. We implement the four algorithms: SAEM on the original mixed model, SAEM on the complete, intermediate and simple mixed meta-model. For the meta-model SAEM algorithms, we use successively n D = 25, n D = 50 and n D = 100 number of points in the design of experiments for the Gaussian process emulator. The covariance is Gaussian, and the regression functions H are linear functions. More sophisticated choices in the regression functions and in the kernel can be made. However, our goal in this section is to illustrate in a quite simple case the efficiency of the combination of the Gaussian process emulation with the SAEM-MCMC algorithm. In the pre-computation step, for a given value ψ, the ODE solver provides f (t, ψ) for each time of measurement. Thus, the design of numerical experiment is only built over the values of ψ and not t. We have compared two approaches one where t is considered as an additional input and the other where a meta-model is built for each time t. Based on the comparison of the quality of the approximations, we have kept the second one which is quite simple to deal with. However, more sophisticated approaches can be tested (see Rougier, 2008 
Results
The computation times for one run of SAEM (100 iterations of SAEM, with 15 iterations of MCMC at each SAEM iteration) were the following: around 15 min for the exact mixed model (requiring solving the ODE at each iteration of MCMC), around 30 min for the complete mixed meta-model with n D = 50 (requiring inverting the C(t, ψ) at each iteration of MCMC), around 80 sec for the intermediate model and 30 sec for the simple one. Therefore, in the following, we only present the results for the exact mixed model (as a benchmark) and the intermediate and simple mixed meta-models. Relative bias and relative root mean square error (RMSE) are computed for each population parameter from 1000 replications and presented in Table 1 . The 95% coverage rates correspond to the coverage rate of the confidence interval on parameters based on the stochastic approximation of the Fisher Information matrix. In this example, the two meta-models have good performances even with only 25 points in the design of experiments and increasing n D decreases the bias. The parameter ω log Vm is biased when using a meta-model (whatever n D ) while it is not with the exact model. This may be due to the error of approximation that is not completely taken into account.
First order pharmacokinetic model
Simulation settings
Let us consider a one-compartment PK model with first order absorption and elimination, with a dose D of a drug. The concentration of the drug in the body along time in then described by the following ordinary differential equation
where k a and k e are the absorption and elimination constants, C l is the clearance. We consider the PK parameters of theophyllin (Pinheiro and Bates, 2000) : log k e = −2.52, log k a = 0.4, log C l = −3.22. One dataset of 36 patients is simulated with a dose D=6 mmol and measurements at time t = 0.25, 0.5, 1, 2, 3.5, 5, 7, 9, 12 hours. The random effects were simulated assuming a Gaussian distribution for the logarithm of the parameters with a diagonal variance-covariance matrix Ω with the following diagonal elements: ω 
Results
The computation times are the same as before. Relative bias, relative RMSE and coverage rate computed from 1000 replications are presented in Table 2 . When the design of numerical experiments in the pre-computation step has 100 points, the estimates obtained with the mixed meta-models have similar performance to the ones obtained with the exact mixed model. With only 50 points in the design, the estimates with the mixed meta-models are less accurate, especially σ ε with the intermediate mixed model. There is a clear improvement of the quality of the estimates with the intermediate mixed meta-model for the parameters concerning the means. Recall that the simple mixed meta-model neglects the approximation of the function f . Therefore, taking into account the errors of the approximation of the Gaussian process emulator in the model prevents from a systematic bias in the estimates. However, since the correlation between the Gaussian process emulator approximation errors are set to zero for the sake of simplicity, the estimation of σ ε may be less accurate but usually this parameter if of less interest.
Concluding remarks
In the case of a mixed model where the regression function is a non-analytical solution of an ODE or of a PDE, we proposed to build a so-called meta-model which is obtained thanks to a pre-computation step. It consists in running the ODE/PDE solver on a well chosen design of numerical experiments. Once this meta-model is obtained, we use it as a surrogate of the regression function in the estimation procedure which is based on a SAEM-MCMC algorithm. We derived three mixed meta-models depending on whether the additional source of uncertainty due to the approximation by the metamodel is taken into account totally, partially or not at all (complete, intermediate and simple mixed meta-model). In the complete mixed meta-model, there is a full covariance matrix accounting for dependencies induced by the meta-modeling errors which slows down the SAEM-MCMC algorithm. That is why we have renounced to test it in the simulation study. Further works are needed to design MCMC algorithm adapted to this case of non-independent individuals. In the intermediate and simple mixed metamodel, the individuals are still independent thus the SAEM-MCMC algorithm does not suffer from any computational burden. We showed examples where even with a very few design points for the meta-model approximation, the estimation results are very satisfactory. We also showed an example where the intermediate meta-model improves the quality of the estimates of the parameters especially those accounting for the mean of the population parameters.
Since the quality of the approximation provided by the meta-model directly depends on the density of the numerical design of experiments in the neighborhood of the input where the approximation is made, a sequential strategy for building an adaptive design reinforcing the meta-model where the SAEM-MCMC algorithm identifies likely region for the parameters should improve the estimates. However, this strategy would make the Markov property in the SAEM-MCMC procedure no longer to be valid. Therefore, there are theoretical questions which will be interesting to solve in order to ensure guarantees in this case. (yij − mD(tij, ψi)) 2 − (yij − f (tij , ψi))
f (tij , ψi) − mD(tij, ψi))(2yij − f (tij , ψi) − mD (tij, ψi) .
Under the assumption that the functions f and m D are uniformly bounded on the support of ψ, there exists a constant C y which is uniform according to ψ such that |2y ij − f (t, ψ) − m D (t, ψ)| ≤ C y . Proposition 1 implies that the approximation error due to the metamodel |f (t ij , ψ i ) − m D (t ij , ψ i )| is controlled by inequality (8):
Then there exists a constant C y depending only on y such that 
Proof of proposition 4
We study the distance between the two likelihoods p D andp D . As in Proposition 3, we start by studying |p D (y|ψ; θ) −p D (y|ψ; θ)|. We consider two Gaussian distributions with same expectations and different covariance matrix. Thus this distance is maximum
